Neutrino oscillation data indicate that θ 23 is close to π/4 and θ 13 is very small. A simple µ ↔ τ exchange symmetry of the neutrino mass matrix predicts θ 23 = −π/4 and θ 13 = 0. Since the experimental measurements differ from these predictions, this symmetry is obviously broken. This breaking is given by two parameters: ε 1 parametrizing the inequality bewteen 12 and 13 elements and ε 2 parametrizing the inequality bewteen 22 and 33 elements. We show that the magnitude of θ 13 is essentially controlled by ε 1 whereas the deviation of θ 23 from maximality is controlled by ε 2 . The measured value of θ 13 requires µ ↔ τ symmetry to be badly broken for both normal hierarchy and inverted hierarchy, though the level of breaking depends sensitively on the hierarchy. In this paper we obtain constraints on the parameters of neutrino mass matrix, including the symmetry breaking parameters, using the precision oscillation data. We find that this precision data constrains all elements of neutrino mass matrix to be in very narrow ranges. We also consider µ ↔ −τ exchange symmetry in the case of inverted hierarchy and find that it provides an explanation of neutrino mixing angles with some fine-tuning. * rambabu@phy.iitb.ac.in † uma@phy.iitb.ac.in 1 arXiv:1803.04143v1 [hep-ph]
I. INTRODUCTION
The data from solar [1] [2] [3] [4] [5] [6] [7] and atmospheric [8] [9] [10] neutrino experiments have provided a strong hint of neutrino oscillations. Later experiments with man made sources measured the neutrino oscillation parameters precisely. These precision measurements lead to stringent constraints on the elements of neutrino mass matrix.
The three flavor states ν α (α = e, µ, τ ) mix among themselves to form three mass eigenstates ν i (i = 1, 2, 3) which have well-defined mass eigenvalues m 1 , m 2 and m 3 . The flavor eigenstates are related to the mass eigenstates through the Pontecorvo-Maki-Nakagawa-Sakata (PMNS) mixing matrix U [11, 12] as
The elements U αi depend on three mixing angles, θ 12 , θ 13 and θ 23 and the CP violating phase (δ CP ). From the three mass eigenvalues we can define three mass-squared differences ∆m
j , of which only two are independent. It is known that the mass-squared difference needed to solve the solar neutrino anomaly is much smaller than that to solve the atmospheric neutrino anomaly. Hence we choose ∆m 2 21 to be the smaller mass-squared difference, which we label as δm 2 and ∆m 2 31 to be the larger mass-squared difference. The third mass-squared difference, ∆m The neutrino oscillation probabilities depend on the two independent mass-squared differences, δm 2 and ∆m 2 , the three mixing angles θ ij and the δ CP phase.
The expression for the most general three flavor oscillation probability is
In principle it is a difficult procedure to determine the oscillation parameters from any experiment given the complicated expression in eq. (2) . However two of the parameters in neutrino oscillation formalism are small. CHOOZ experiment set the upper limit sin 2 2θ 13 ≤ 0.1, implying that θ 13 is small. Solar and atmospheric data show that the ratio δm 2 /∆m 2 1. The smallness of these two quantities enable us to make precision measurements of the mass-squared differences and the mixing angles.
For the long baseline reactor experiment KamLAND [13] , we have L ∼ 180 km and E ∼ 5
MeV. For these values we find that δm [20] In Table 1 we have shown the results of the global analysis of all neutrino oscillation data, including solar, atmospheric, reactor and accelerator sources [20] .
From this data, we note the following features:
• Neutrino oscillation data does not give any information on the lowest value of neutrino mass. It can be almost zero or be equal to the upper limit from Tritium beta decay of 0.2 eV [21] .
• Since the sign of ∆m 2 31 is not known, we need to consider both possible signs. For ∆m 2 31 positive, called the normal hierarchy (NH), the lowest mass is m 1 and the highest mass is m 3 . For ∆m 2 31 negative, called the inverted hierarchy (IH), the lowest mass is m 3 and the highest mass is m 2 .
• The neutrino mass eigenstates ν i (i = 1, 2, 3) are identified by their ν e flavor content, which is largest for ν 1 and smallest for ν 3 .
• Among the mixing angles, θ 23 is close to maximal and θ 13 is quite small.
Various discrete symmetries of the neutrino mass matrix have been proposed to account for the patterns observed in neutrino masses and mixing angles. The simplest of these is the µ ↔ τ exchange symmetry of neutrino mass matrix [22] . This symmetry predicts θ 23 = −π/4 and θ 13 = 0. In this paper, we will study
• the pattern of µ ↔ τ symmetry breaking to obtain viable values of θ 13 and θ 23 and
• the constraints imposed on the parameters of neutrino mass matrix by the precision oscillation data.
II. µ ↔ τ SYMMETRY
We assume neutrinos are Majorana fermions and the light neutrino mass matrix is generated through a see-saw mechanism. The Majorana mass matrix for light neutrinos is a complex symmetric matrix. In this work we assume it to be real, which (a) simplifies the discussion and (b) makes the analysis more predictive:
Imposing the µ ↔ τ symmetry [23] [24] [25] [26] on this mass matrix leads to
This real symmetric matrix is diagonalized by the orthogonal matrix,
By inspection we can identify θ 13 = 0 and θ 23 = −π/4 and the value of θ 12 is given by
The mass eigenvalues are given by
where k = (c + d − a) 2 + 8b 2 . The measured value of θ 12 leads to sin 2 θ 12 ≈ 1/3. Substituting it in the above equation leads to the two relations
The expressions for the mass-squared differences are obtained to be
and
Since only the magnitude of ∆m 2 is measured there is a sign ambiguity in the constraint of eq. (15) . All the four parameters of the neutrino mass matrix can be exactly determined provided (a) this sign ambiguity is resolved and (b) the lowest mass eigenvalue is known. In the following, we take the lowest mass eigenvalue to be negligibly small. With this assumption, we will work out the values for neutrino mass eigenvalues and the neutrino mass matrix parameters for the two cases of normal hierarchy (NH, m 3 > m 2 m 1 ) and inverted hierarchy (IH,
A. Normal Hierarchy
For normal hierarchy, ∆m 2 is positive and we choose m 1 to be negligibly small. This assumption leads
Combining with the condition from eq. (13), we get
From the expression of ∆m 2 in eq. (15), we note that
which is satisfied if
From eqs. (11) and (20), we see that the large value of θ 12 arises due to a fine-tuned cancellation in (c + d − a), which makes its value equal to b. From eqs. (17) and (20) 
The 
The values in eq. (22) satisfy the constraints mentioned in eq. (20) .
B. Inverted Hierarchy
For inverted hierarchy, ∆m 2 is negative and we choose m 3 to be negligibly small leading to c ≈ d. The ratio of the two mass-squared differences is
This equation is satisfied if
The constraint from eq. (11) forbids the other possibility b a, c, d. From eq. (24), we see that the value of (c + d − a) should be fine-tuned to 0.5% [∼ 0.1(δm 2 /∆m 2 )] to obtain the correct value of θ 12 . This is a much more delicate fine-tuning compared to the NH case.
Demanding that the measured parameters should be within their 3σ ranges we get the inequalities 0.271 ≤ sin 2 θ 12 ≤ 0.345
This leads to the allowed ranges for a, b, c and d
which satisfy the constraints mentioned above. In the case of NH, b ∼ √ δm 2 whereas in the case of IH, b ∼ δm 2 /a. Therefore, the value of b in case of IH is an order of magnitude smaller than in the case of NH, whereas the value a is an order of magnitude larger than in the case of NH. Note that the magnitudes of c and d are the same in both cases. leading to the neutrino mass matrix,
Since ε 1 breaks µ ↔ τ exchange symmetry, the values of θ 13 and θ 23 predicted by the mass matrix in eq. (27) will differ from 0 and π/4 respectively. The characteristic equation for the perturbed mass matrix is
If we impose the condition that the lowest mass eigenvalue is negligibly small, the quantity in the square brackets in the above equation should be close to zero. For both NH and IH, we have
. Hence the first two terms are negligibly small. We require ε 1 to be much less than c, d to satisfy the constraint on the lowest mass eigenvalue. In this approximation, the characteristic equation simplifies to
whose eigenvalues are 0, a, 2c. We discuss the cases of NH and IH separately.
A. Normal Hierarchy
For NH, we have a ≈ √ δm 2 and c ≈ √ ∆m 2 /2. The first element of the eigenvector corresponding to the eigenvalue m 3 gives us sin θ 13 . For NH, m 3 ≈ 2c, and the corresponding eigenvector is
The value of sin 2 θ 13 can be approximated as ε We now do a numerical calculation to find the ranges of a, b, c, d and ε 1 allowed by the neutrino oscillation data. We find the eigenvalues of matrix in eq. (27) and label them as m 1 , m 2 and m 3 in increasing order. The diagonalizing matrix is parametrized as 
B. Inverted Hierarchy
For IH, m 3 ≈ 0, whose eigenvector is
Hence sin 2 θ 13 = 2ε For IH, the lowest eigenvalue of the matrix in eq. (27) is labeled m 3 , the middle one is labeled 
For the central value ε 1 = −0.0052, we get sin 2 θ 12 = 0.306, sin 2 θ 13 = 0.0223 and sin 2 θ 23 = 0.501. The variation of sin 2 θ ij vs. ε 1 is plotted in fig. 2 , for IH. Since b is too small, extreme fine-tuning is needed to obtain the appropriate value of sin 2 θ 12 . The variation of sin 2 θ 12 , with respect to ε 1 , is very pronounced because of this extreme fine-tuning. As in the case of NH, sin 2 θ 13 varies as ε 
The 2 − 3 block is diagonalized by applying the similarity transformation U T 23 M 2 U 23 , where
In the above equation θ 23 = −π/4 but is taken to be −π/4+δθ 23 . The deviation from maximality is found to be
From neutrino data in Table 1 , the maximum allowed value of this quantity is 0.12 [20] . The 13 element of the rotated mass matrix is √ 2bε 2 /(2d). This term determines the value of sin θ 13 .
(The corresponding quantity in the case of ε 1 symmetry breaking is √ 2ε 1 ). Given the limit on δθ 23 , we find bε 2 /( √ 2d) is an order of magnitude smaller than b.
In the earlier discussion on ε 1 symmetry breaking, it was shown that ε 1 0.005 to reproduce the correct sin 2 θ 13 . Therefore the term generating non-zero θ 13 for ε 2 symmetry breaking is an order of magnitude lower for NH (b ∼ 0.002) and two orders of magnitude lower for IH The neutrino mass matrix is described by six parameters: a, b, c, d, ε 1 and ε 2 . We search for the allowed values of these parameters by demanding that the two mass-squared differences and the three mixing angles should be within their allowed 3σ ranges. We also impose a sixth constraint that lowest neutrino mass (m 1 for NH and m 3 for IH) should be less than 0.001 eV.
With these constraints we obtain the following allowed ranges of parameters. 
VI. RANGES OF NEUTRINO MASS MATRIX PARAMETERS FROM PRECISION OSCILLATION DATA
In the previous sections we varied the parameters of neutrino mass matrix to find their values which satisfy the experimental constraints. As we can see from eqs. (40) and (41), the ranges for these parameters are quite small. In this section, we do a systematic search to find the exact ranges of these parameters allowed by the current oscillation data. Among the oscillation observables, the mass-squared differences, δm [17] , are determined to about 4% precision. The precision in sin 2 θ 23 is poorer because of the octant ambiguity [15, 27, 28] . Below we study the impact of these precision measurements on the allowed ranges of neutrino mass parameters.
We use the following procedure. We first choose a value for the lowest neutrino mass eigenvalue. We then choose five uniform random numbers in the interval [-1,1]. Using these numbers, we construct random values for the five neutrino oscillation parameters within their 1 σ ranges.
We construct the diagonal neutrino mass matrix using the lowest neutrino mass and the two mass-squared differences. For NH, the diagonal form of the mass matrix is
where m 1 is the lowest neutrino mass chosen, whereas for IH, this matrix takes the form
where m 3 is the lowest neutrino mass. We obtain the neutrino mass matrix in flavor basis by the similarity transformation M 0 = U M diag U T , where U is the orthogonal matrix constructed using the values of the three chosen mixing angles.
For a given set of five random numbers we get the corresponding set of neutrino oscillation parameters which in turn lead to a given set of values for a, b, c, d, ε 1 and ε 2 . We repeat this procedure for 10,000 sets of five random numbers to produce 10,000 values of neutrino mass matrix parameters. From these 10,000 sets of parameter values we tabulate the mean, the standard deviation, the lowest and the highest values. This procedure is used to construct the allowed ranges of neutrino mass matrix elements for the following eight cases: for NH, The most general neutrino mass matrix invariant under this symmetry is
Diagonalizing this matrix, we find θ 23 = −π/4, θ 12 = 0 and
because c ≈ d for IH. Also, we note that a ≈ 2c. This, except for θ 23 , is exactly opposite to µ ↔ τ symmetry case where we had θ 13 = 0 and tan 2θ 12 = 2 √ 2b/(c + d − a). Since θ 13 1, the above equation implies that ε 1 a, c, d. Obviously, µ ↔ −τ is not exact because it predicts θ 12 = 0. It can be broken through ε 2 term introduced in 22 and 33 elements as in the case of µ ↔ τ symmetry. We will show below that such a breaking can lead to both non-maximal θ 23
as well as viable values of θ 12 . However to obtain θ 12 within the experimentally allowed range, we need to fine-tune the combination c + d − a to order ε 2 1 /a. With the ε 2 symmetry breaking the neutrino mass matrix becomes 
Here, δθ 23 is the deviation of θ 23 from maximality and it is given by tan 2δθ 23 = −ε 2 /d. Note that the 12 element of this matrix is proportional to ε 1 ε 2 . We now apply a further similarity transformation through the orthogonal matrix 
We demand that the 13 and 23 elements of the transformed matrix to be zero. The explicit expressions for these elements are given in Appendix. If we neglect terms which are third order in the small quantities ε 1 and ε 2 , both these conditions lead to
where
/d 2 and we set cos δθ 23 ≈ 1. This is very similar to the relation we had for the exact µ ↔ −τ symmetry case, as given in eq. (45). Note that the value of ε 2 is fixed by the measured value of δθ 23 and that of ε 1 by θ 13 . Viable values of θ 12 can be obtained by fine-tuning the combination c + d − a. Demanding the 12 element of the transformed matrix to be zero, we get tan 2θ 12 
By fine-tuning (a − c − d ) ∼ ε 2 1 /a, it is possible to obtain sin 2 θ 12 ≈ 0.3. The variation of sin 2 θ ij with respect to ε 2 is plotted in fig. 3 . As in the case of µ ↔ τ symmetry for IH, there is little 
VIII. CONCLUSION
We have considered the constraints imposed by the precision oscillation data on µ ↔ τ symmetric neutrino mass matrix. We find that the elements of this matrix are confined to be in extremely narrow ranges by the current data, both for normal hierarchy and for inverted hierarchy. There are two parameters which break the µ ↔ τ symmetry, ε 1 and ε 2 . Even though ε 1 is small, it can not be treated as a perturbation because its value is comparable (for NH) or much larger than (for IH) the relevant element of neutrino mass matrix. A value of ε 1 ∼ 0.005 eV (for both NH and IH) leads to a viable value of θ 13 and only minimal deviation of θ 23 away from maximality. The other parameter, ε 2 leads to very tiny values of θ 13 but to substantial deviation of θ 23 from maximality. Thus, the values of ε 1 and ε 2 are determined by the magnitude of θ 13 and the deviation of θ 23 from maximality respectively. In the case of µ ↔ τ symmetry, we find that six parameters of neutrino mass matrix are needed to predict the five neutrino oscillation parameters and the lowest neutrino mass. On the other hand, it is possible to obtain viable values for the three neutrino masses and three mixing angles in terms of five parameters by imposing µ ↔ −τ exchange symmetry for the case of IH. However, a fine-tuned cancellation among these parameters is required to obtain the measured value θ 12 .
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